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TANGENT CONES AND QUASI-INTERIORLY TANGENT CONES
TO MULTIFUNCTIONS
BY
LIONEL THIBAULT

ABSTRACT. R. T. Rockafellar has proved a number of rules of subdifferential
calculus for nonlocally lipschitzian real-valued functions by investigating the Clarke
tangent cones to the epigraphs of such functions. Following these lines we study in
this paper the tangent cones to the sum and the composition of two multifunctions.
This will be made possible thanks to the notion of quasi-interiorly tangent cone
which has been introduced by the author for vector-valued functions in [29] and
whose properties in the context of multifunctions are studied. The results are strong
enough to cover the cases of real-valued or vector-valued functions.

Introduction. Rockafellar has introduced in [23] the very important notion of
directionally lipschitzian behaviour for extended real-valued functions, and with the
aid of this notion he has proved in [24] a number of rules of subgradient calculus of
nonconvex functions. If f is a function from a topological vector space E into
R U {00, +oo} with f(X) € R and if I(epi f; X, f(x)) denotes the interiorly tangent
cone to

epi f= {(x,y) € EXR: f(x) <y}

at (x, f(x)), that is, the set of all (v, w) € E X R such that there exist a neighbour-
hood X of (X, f(X)), a neighbourhood V of (v, w) in E X R and a real number ¢ > 0
such that X N epi f + ]0, e[ C epi f, then the proof of Theorem 3 of [23, p. 268]
shows that f is directionally lipschitzian at x if and only if I(epi f; X, f(x)) # .
However, if g is a mapping from FE into an ordered topological vector space H, then
the interior of the cone of positive elements of H must be nonempty whenever
I(epi g; X, g(x)) is nonempty. This very unsatisfactory state of affairs has led us to
introduce in [29 and 30] the quasi-interiorly tangent cone Q(epi g; X, g(x)). With the
help of this cone we have established in [29] rules of subdifferential calculus for
nonconvex vector-valued functions. The aim of the present paper is to study the
properties of Clarke tangent cones and quasi-interiorly tangent cones to the graphs
of multifunctions following the way opened by Rockafellar.

In §1 we recall Rockafellar’s definition of Clarke tangent cone and we give an
interpretation in terms of generalized sequences which proves that Rockafellar’s
definition is the same as the one we have given in [27]. Connection with strictly
compactly lipschitzian vector-valued mappings is also made.
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§2 is devoted to the study of quasi-interiorly tangent cones to graphs of multifunc-
tions and to the relationships between these cones and Clarke tangent cones. We
prove that the quasi-interiorly tangent cone is always convex and that the Clarke
tangent cone is the closure of the quasi-interiorly tangent cone whenever the
quasi-interiorly tangent cone is nonempty. The cases of lipschitzian multifunctions
and convex multifunctions are also considered.

The final two sections deal with the study of the sum of two multifunctions and of
the composition of a multifunction with a differentiable mapping. The results are
strong enough to cover the corresponding ones given in [24 and 29] for real-valued
and vector-valued functions.

Although the details will not be given here, this way to approach multifunctions
by convex multifunctions can be used to study the existence of Lagrange multipliers
for programming problems with constraints defined by multifunctions (see [31]). To
conclude this introduction let us indicate that Bouligand tangent cones to multifunc-
tions have been considered in [1 and 15] (see also [7 and 14]).

1. Tangent cones. In this paper all topological spaces will be assumed to be
Hausdorff and E and F will denote two topological vector spaces.

Let M be a multifunction from a topological space S into another one 7, that is,
M(s) is a subset of E (possibly empty) for each s € S. We shall consider in the
sequel the graph of M,

GrM = {(s,t) ESXT: 1€ M(s)},
and the domain of M,
domM = {s€S: M(s)# ).

If D is a nonempty subset of S and if 5 is a point in the closure of D in S, we recall
that the lower limit of M as s € D — 5 is the set liminf,_ »; M(s) of all 1 € T such
that for each neighbourhood W of ¢ in T there exists a neighbourhood V of 5§ in S
such that

(1) WNM(s)#* o

foralls € D N V (see [2 and 23)).

As sequential motivation for tangent cones, we shall give a characterization of the
above limit in terms of nets (generalized sequences).

Let (s;);c, be a net (or generalized sequence) in S, that is, a family of points of §
indexed by a set J which is directed by a preorder relation < (that is to say that for
each (j,, j,) € J X J there exists j; € J such that j, <j; and j, < j;). By a subnet of
(s;);e; we shall mean (see [13]) a net (s,;));c; Where a is a mapping from a directed
set I into J such that for each j € J there is i; € I such that j < a(i) for all i € 1
satisfying i, < i.

1.1 PROPOSITION. The lower limit iminf,_ o; M(s) is the set of all t € T such that
for each net (s;);c; of D converging to 5 there exist a subnet (5,;));c; and a net (t,),¢;
converging to t such that t; € M(sy;)) for all i € I.
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PROOF. Consider 7 & liminf, »; M(s). There exists a neighbourhood W of ¢ in T
such that for each neighbourhood ¥V of 5 in S there is a point s, € ¥ N D verifying

(2) wWnM(s,)=92.

If the set J of all neighbourhoods of 5 is directed by the inclusion preorder (V, = V,
if V|, C V,), then (2) implies that there is no net (¢,),c, satisfying the assumption of
the proposition.

Now suppose that 7 € liminf,_»; M(s). Let (s;);c; be a net of D converging to §
and let W be a neighbourhood of 7 in T. There exists a neighbourhood ¥V, of sin S
such that

(3) WNM(s)# @ foralls€ DN V.

Since lim ¢, s; = §, there is j,, € J such that s, € D N V), for all j = j,.. Therefore
for j = j,, we may choose by (3) a point ¢, ,, € W satisfying ¢, ,,, € M(s,). Put

1={(j,W):WeN(1),jEJ,]j=ju},
where 9U(7) denotes the set of all neighbourhoods of 7 in T, and direct I by setting
(JisW)) < (), W) ifj; <j,and W, C W,.

Consider the mapping a from I into J defined by a(i) = if i = (j, W). It is not
difficult to see that (s,,);c; 1s @ subnet of (s;);c; such that

1@;& =i and ¢ € M(s,,) foralli€ I
So the point 7 satisfies the assumption of the proposition and hence the proof is
complete. O

REMARK. If S and T are metrizable, the above proof also shows that a point ¢ is in
liminf,_»; M(s) if and only if for each sequence (s,),cn of D converging to s there
exists a sequence (,),cn converging to ¢ such that ¢, € M(s,) foralln € N. O

We shall study some properties of (Clarke) tangent cones to graphs of multifunc-
tions. For this reason we shall begin by recalling Rockafellar’s formulation of the
(Clarke) tangent cone (see [23]).

1.2 DEFINITION. Let 4 be a subset of the topological vector space E. The tangent
cone T(A; X) to A at x € clz A is the set of all points v € E such that for every
neighbourhood V of v in E there exist a neighbourhood X of X in E and a real
number ¢ > O such that (x + V') N4+ @ forallx € XN Aandt € [0, ¢.

T(A; X) is a closed convex cone in E (see [23]) and

T(A;x) = liminft"(A - x),

X=X
10

where x —“X means x — X and x € 4.

As an immediate consequence of Proposition 1.1 we have the following characteri-
zation of T(A; X) in terms of nets. This characterization is exactly the definition
which has been given by the author in [27].

1.3 PROPOSITION. T(A; X) is the set of all v € E such that for every net (x,);c; in A
converging to x and every net (1), of positive numbers converging to zero there exist
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two subnets (X y;))icr and (Ly;))icr and a net (v;),c; in E converging to v such that
Xoqiy T Loyt € A for each i € I.

a(i

ReMARK. If E and F are metrizable topological vector spaces we may replace, in
the above proposition, nets and subnets by sequences and subsequences, and we get
the formulation given by the author in [25], or only by sequences and we get the
formulation given by Hiriart-Urruty in [10]. O

If M is a multifunction from E into F with (x, y) € Gr M, we shall use the
notations

T(M; x, y):= T(GrM; (%, y))
and
T(M; %, y)(v) := {w E F: (v,w) ET(M; X, y)}

for each v € E. Moreover, we shall conventionally put M(x) + @ = @ for each
x €EE.

1.4 PROPOSITION. Let M be a multifunction from the topological vector space E into
the topological vector space F withy € M(Xx). If we put

L(v) = {}ien}tjfl(zj —y)z; € M(X+1,0),0,—> vandtjiO},

then T(M; x, y)(v) C L(v).

PROOF. Let (v, w) € T(M; X, ). If (1), is a net of positive numbers converging
to zero, then by Proposition 1.1 there exist a subnet (#,;));c; and a net (v, w,),c;
converging to (v, w) such that (x, y) + £,(v;, w;) € Gr M and hence

2, 7= J+ tu W € M(X + t,,0;)

a(i
and
w=limw, = limzsz), (2, — y). O
iel iel

Let us recall the definition of strictly compactly lipschitzian mappings.

1.5 DEFINITION (SEE [26]). A mapping f from E into F is strictly compactly
lipschitzian at X € E if there exist a mapping K from E into the set comp(F) of
nonempty compact subsets of F, a mapping r from ]0,1] X E X E into F, and
neighbourhoods X of X and V of zero in E satisfying;:

(a) lim, o,z r(, x; v) = 0 for each v € E and lim, | g,(x vy~ (50 7(2, X; v) = 0;

(b)forallx € X,v € Vandt €0, 1],

[ fx+ ) = f(x)] € K(0) + r(t, x: 0);

(c) K(0) = {0} and the multifunction K is upper semicontinuous at zero (that is,
for every neighbourhood W of K(0) in F there is a neighbourhood U of zero in E
satisfying K(v) C W for every v € U).

REMARKS (SEE [26]). If f is strictly compactly lipschitzian at X, then the following
properties are satisfied:

()M, | 0. wy- (50 [ f(x + tw) — f(x + tv)] = 0 for each v € E;
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(2) for each v € E, for each net (x;);c; converging to X in E and for each net
(2;);e, of positive numbers converging to zero, there exists a subnet

(‘;(Ii)[f(xa(o + L) —f(xa(i))])iel
which converges;

(3) the mapping f is continuous at X.

1.6 PROPOSITION. Let P be a closed convex cone in F and let f be a mapping from E
into F which is strictly compactly lipschitzian at x € E. For the multifunction M from E
into F defined by M(x) = f(x) + P for every x € E, and for y = f(x) we have

T(M; %, y)(0)= () (I+P),
1€ L(v)

where
L(v)={hmq,(t x;;0): tjw,xj—-))?}

with q,(t, x; v) = t7'[ f(x + w) — f(x)].

PROOF. Let w be a point in T(M; X, y)(v) and let / = lim;c,q,(¢;, x;; v). As the
net (x;, f(x;));e, converges to (X, f(x)) (see Remark 3 following Definition 1.5) and
as (x;, f(x;)) € Gr M, there exist two subnets, (x;), f(Xo;))ies and (Z4(;));ec ;> and
a net (v,, W,);e; converging to (v, w) such that

( a(:)’ f(xa(n))) + ta(:)(vl’ 1) e GrM

for every i € I. Therefore we have
W, — t;(li)[f(xa(i) + ’a(i)”i) _f(xa(i))] EP,
and, hence, by Remark 1 following Definition 1.5, w € / + P. This proves that

T(M; x, y)(v) C () (I+P).
leL(v)

Let us show the reverse inclusion. Let w € M, ,(/ + P). Consider a net
(x;, ¥)jes in Gr M converging to (X, y) and a net (1;),c, of positive numbers
converging to zero. Since f is strictly compactly lipschitzian at X, there exists a
subnet

(12t f(Xa F ta®) = F(xa)]) e
which converges (see Remark 2 following Definition 1.5). Put
t;(li)[f(xa(i) + tu(i)v) - f(xa(i))] =l+r
with lim,c, r, = 0. Then we have
Yoty F tay(W + 1) € f(x0)) + P+ to(I+ P+ 1) = f(x00) + ta@yp) + P,
and hence the net (v, w + r;);c; converges to (v, w) and satisfies
(Xagiys Yaiiy) T tay(vsw + 1) € GT M.
Therefore (v, w) € T(M; (X, 7)), and the proof of the proposition is finished. [J
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REMARK. If fis strictly compactly lipschitzian at X in the direction © € E, that is, if
there exist a compact K(v) in F, a mapping r(-, -; ©) from ]0, oo[ X E into F, a
neighbourhood X of X in E and a number ¢ > 0 satisfying:

(a)lim, o,z r(z, x; ©) = 0;

(b)forallx € X, ¢t €10, €], t [ f(x + 7)) — f(x)] € K(D) + r(t, x; );

(C) limuO;(x,v)—»(E,ﬁ)t_l[f(x + IU) - f(x + tﬁ)] = 0;
then the above proof also shows that

T(M; %, y)(®)= () (I+P). O
€ L(D)

As an immediate consequence of the above proposition we have the following

result.

1.7 COROLLARY. If a mapping f from E into F is strictly differentiable at x with
derivative Vf(X), that is,

f(x +w)=f(x)+tvf(x)(v) + (s, x;0)
for all (t, x,v) €10, el X EX E and lim, ,, . (50y¢10 (¢, x; w) =0 for all v € E,
and if the multifunction M and the point y are defined as in Proposition 1.6, then,

T(M; %, 7)(v) = vf(x)(v) + P
for each v € E.

We shall finish this section by giving an important interpretation of the convexity
of T(M; x, y) in terms of convex processes. These multifunctions verify many
important properties (see [3, 8, 19, 20, 32)) as, for example, open mapping and closed
graph theorems which are extensions of the usual linear ones.

1.8 DEFINITION. A multifunction M from E into F is said to be convex if its graph,
Gr M, is convex in E X F.

If Gr M is a convex cone in E X F containing the origin one says that M is a
convex process.

1.9 PROPOSITION. Let M be a multifunction from E into F with y € M(x). The
multifunction from E into F defined by v+ T(M; X, y)(v) is a convex process.

PRrOOF. This is a direct consequence of the fact that T(M; X, y) is a convex cone.
O

2. Quasi-interiorly tangent cones to multifunctions. Let us begin by broadening to
multifunctions the definition of quasi-interiorly tangent cone that we have introduced
in [29 and 30] for vector-valued functions.

2.1 DerFINITION. If M is a multifunction from E into F with y € M(X), the
quasi-interiorly tangent cone to the graph of M at (X, y) is the set of Q(M; X, y) of
all (v,w) in E X F such that for each neighbourhood W of w in F, there exist a
neighbourhood X of X in E, a neighbourhood Y of y in F, a real number ¢ > 0 and a
neighbourhood V of © in E such that

[(x, ) +t({o} X W) NGrM# &
forall(x, y) €E(X X Y)NGrM,t€10,efandv € V.
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If fis a mapping from E into F we shall write Q( f; X) instead of Q( f; x, f(x)).
ReMARK. If I(M; X, y) denotes the interiorly tangent cone, that is, the set of all
(v, w) € E X F for which there exist a neighbourhood X of x in E, a neighbourhood
Y of y in F, a real number ¢ > 0, a neighbourhood V of © in E and a neighbourhood
W of y in F such that
(XXY)NGrM+]0,e[(VX W) CGrM,
it is easy to see that
(4) I(M;%,7)CQ(M;x,7) CT(M; x, 7). O
2.2 PROPOSITION. Let M be a multifunction from E into F withy € M(X). Then
Q(M; X, 7) + T(M; X, 7) CQ(M; X, 7).
PROOF. Let (0,,w,) € Q(M; X, y) and (0,,w,) € T(M; X, y) and let W be a
neighbourhood of w, + w, in F. Choose a neighbourhood W, of w, and a neighbour-
hood W, of w, satisfying W, + W, C W. There exist a neighbourhood X, of X in E,

a neighbourhood Y, of y in F, a real number ¢, > 0 and a neighbourhood V] of v, in
E such that

(5) [, y) + ({o} X W) NGrM# &

for all (x, y) €(X, X Y))NGrM, t€]0,¢[ and v, € V]. Choose a neighbour-
hood Y of y in F, a neighbourhood W, of w, in F with W; C W,, a real number
¢, >0, a neighbourhood X, of X in E, a neighbourhood ¥, of v, in E and a
neighbourhood V| of v, in E such that

(6) X,+10,&,[V,CX,, Y,+]0,&[W;CY, and V,+V,— V,C V.

By Definition 1.2 there exist a neighbourhood X of X in £ with X C X, N X,, a
neighbourhood Y of y in F with YC Y, N Y, and a real number ¢ >0 with
¢ < inf(g,, €,) such that

(7 [(x, ) + t(Vy X W;)] N GeM # 2

for all (x, y) €(X X Y) N GrM and ¢ € 10, ¢[. Consider now a point (x, y) € (X
X Y) N GrM, a real number ¢ € 0, ¢[ and two elements v, € V; and v, € V,. By
(7) there exist v; € V, and w, € W] such that (x + 13, y + tw,) € Gr M. By (6) we
have

(x+ny,y+w)EX, XY, and v, +v,— v, E V]|
and, hence, there exists by (5) a point w, € W, such that
(x4 10, +1t0,, y+tw, +twy) = (x+ 15+ t(v, + v, —0}), y+ tw, + tw,)
€ GrM.
Therefore we may write
[(x,p) +t({v, + 0,) X W) NG M # @

and hence (0, w,) + (0,, w,) € Q(M; X, y). This finishes the proof of the proposi-
tion. [
Let us give two important consequences of Proposition 2.2.
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2.3 COROLLARY. Let M be a multifunction from E into F with y € M(X). Then the
quasi-interiorly tangent cone Q(M; X, y) is a convex cone and for each v € E the set
Q(M; x, y)v) is closed in F.

PRrOOF. From Definition 2.1 it is readily seen that Q(M; x, y)(v) is closed in F for
each v € E. So by Proposition 2.2 it is enough to prove Q(M; X, y) is a cone.
Consider a real number A > 0, a point (0, w) in Q(M; X, y) and a neighbourhood W
of Aw in F. The set W, = A"'W is a neighbourhood of # in F and hence there exist a
neighbourhood X of X in E, a neighbourhood Y of y in F, a real number ¢, > 0 and
a neighbourhood ¥}, of ¢ in E such that [(x, y) + «({v} X Wy)] N GrM # & for all
(x, ) E(XXY)NGrM, t €0, ¢ and v € V. Therefore, if we put V = AV,
and ¢ = X'g,, we obtain

[(x,y) +t({o} X W) NGrM+ &

for all (x, y) E(XXY)NGrM,t€]0,¢ and v € V. So A(v, w) € Q(M; X, y)
and hence the proof is complete. [

2.4 COROLLARY. Let M be a multifunction from E into F with y € M(X). If the
quasi-interiorly tangent cone Q(M; X, y) is nonempty, then

T(M; X, ) = cl g r(Q(M; X, 7).

PrOOF. By (4) it is enough to prove T(M; X, y) C clg. (Q(M; X, y)). Fix a point
(v, w) in Q(M; x, y). For each (v,w) € T(M; X, y) and each ¢ > 0 we have by
Proposition 2.2,

(v,w) +e(v,w) € Q(M; X, y).

So, if we write (v,w)=lim, ¢((v,w) + &(v,w)), we obtain that (v,w) €
cl o r(Q(M; X, )) and the proof is complete. O

Two other formulations of quasi-interiorly tangent cones can be stated. The first
one follows easily from the definition of lower limit (see (1)).

2.5 PROPOSITION. If M is a multifunction from E into F with y € M(X), then for
eachv € E,

O(M; %, 7)(6) = liminf ¢'[M(x + ) — y],
(x,9)~M(%,7)
110

where the notation (x, y) »™M(X, y) means (x, y) = (X, ) with (x, y) € Gr M.

2.6 COROLLARY. Let M be a multifunction from E into F with y € M(X). Then
(0, w) is in Q(M; X, y) if and only if for any net (x,, y;);c, in Gr M converging to
(X, y), any net (1;);c; in )0, +oo[ converging to zero and any net (v;);c; in E
converging 1o v there exist subnets (X, Yaciy)ier ({aiy)ier (Vaiy)ics and a net
(w;);e; converging to w such that

Yaiiy T taipW € M(xa(i) + ta(i)oa(i))
foralli€ I

PRrOOF. This follows from Proposition 1.1. [
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We know (see Remark 1 following Definition 2.1) that I(M; X, y) C Q(M; X, y).
Let us give a condition under which we can say more.

2.7 PROPOSITION. Let M be a multifunction from E into F such that there is an open
convex cone K verifying M(x) + K C M(x) forallx € E. Ify € M(x) and if Fis a
locally convex vector space, then for each v € E:

@) I(M; X, y)(v) = int [Q(M; X, y)(v)] and

(i) Q(M; X, y)(v) = clg[I(M; X, y)(v)].

PROOF. Let ©v be a point in E. As I(M; X, y) is open in E X F, the set
I(M; X, y)(?) is open in F and hence by (4) we have

I(M; %, y)(9) Cint[Q(M; %, y)(5)].
Let us prove the reverse inclusion. Let w be a point in int ;[Q(M; X, y)}(v)] and let
be a convex neighbourhood of zero in F such that w + @ C Q(M; x, y)(0). Choose
twopointsa€(w+ Q)N (w—K)and be(w+ Q)N (w+ K). If we put ¢ =
2-Y(a + w)and d = 27'(a + ¢), then we have
dew+Q and deW,:=(a+K)N(c—K).

So (0, d) € Q(M; X, y) and hence, since W, is open, there exist a neighbourhood X
of X in E, a neighbourhood Y of y in F, a neighbourhood V of ¢ in E and a real
number & > 0 such that

(8) [(x,y) +t({o) X W) NGrM #* @

forall (x, y) €E(X X Y)NGrM,v € Vandt € )0, ¢[. Put
W=(c+K)n(b—K).
The set W is a neighbourhood of w in F and for each w € W, each (x, y) € (X X
Y) N GrM, each v € V and each ¢ € 10, ¢[ there exist, by (8), an element w, € W,
such that y + rw, € M(x + tv) and hence, sincew — w, € K,
y+mw=y+mw +t(w—w)EM(x+w)+KCM(x+ w).
This shows that
int [Q(M; %, 7)(5)] C I(M; %, 7)(5).
Let us prove (ii). It is not difficult to see that
K+ Q(M; x, y)(v) C Q(M; X, y)(v)
and, hence, by (i), int{Q(M; x, y)(v)] # @ if and only if Q(M; X, y)(v) * <. So,
since Q(M; x, y)(v) is a closed convex set we conclude by (i) that
Q(M; %, 7)(5) = cl[I(M; X, )(5)]. O
In the sequel of this section we shall consider the two important classes of
lipschitzian multifunctions and of convex multifunctions.
Let us begin with lipschitzian multifunctions.
2.8 DErFINITION. We shall say that a multifunction M from E into F is lipschitzian

at a point X € dom M in the direction o if for each neighbourhood U of zero in F
there exist a neighbourhood X of x in E, a neighbourhood ¥ of ¥ in E and a real
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number ¢ > 0 such that
M(x +tv;) C M(x + 1,) +1tU
forallx € X,v, € V,v, € Vandt € )0, €.

REMARK. If F is a normed vector space, it is not difficult to see that M is
lipschitzian at x in the direction o if and only if

lim ™ dist(M(x + 1v0,), M(x + 1v,)) =0,

where dist denotes the Hausdorff distance.

2.9 PROPOSITION. Let M be a multifunction from E into F which is lipschitzian at
X € dom M in the direction v. If y € M(Xx), then

T(M; %, y)(0) = Q(M; %, y)(0).

PROOF. Because of (4), it suffices to prove that T(M; X, y)(v) C Q(M; x, y)(D).
Let w be a point in T(M; X, y)(v) and let W be a neighbourhood of w in F. Select a
circled neighbourhood U of zero in F and a neighbourhood W, of w in F such that
W, + U C W. By Definition 2.8 there exist a neighbourhood X, of x, a neighbour-
hood V of ¢ in E and a number ¢, > 0 such that

9) M(x + tv,) C M(x + 1,) + 11U

for all x€ X, v, EV, v, EV and t €]0,¢]. Choose, by Definition 1.2, a
neighbourhood X, of X in E, a neighbourhood Y of y in F and a real number ¢, > 0
such that

(10) [(x,y) + (VX W) NGrM+ @

for all (x,y) €E(XXY)NGrM and r€]0,¢) Put X=X, NX, and €=
inf(e,, €,) and consider a point (x, y) € (X X Y) N Gr M, a point v € V and a real
number ¢ € ]0, ¢]. By (10) there exists (v,,w;) € V' X W, such that y + tw, €
M(x + tv,). Therefore it follows from (9) that y + mw, € M(x + tv) + tU and,
hence, there exists ¥ € U such that

ytitw +u)EM(x+rw) and w,+ueW.
This shows that

[(x, ) +t({v} X W) NGtM# o,

and the proof is complete. O

2.10 COROLLARY. Let M be a multifunction from E into F with y € M(X). If there
exists a neighbourhood Y of y in F such that the multifunction N defined by N(x) =
M(x) N Y for each x € E is lipschitzian at X in the direction v, then T(M; X, y)(v) =
Q(M; X, y)(0).

PrOOF. We have Gr N = (E X Y) N Gr M, and, hence, by Definitions 1.2 and
2.1 one easily sees T(N; X, y) = T(M; x, y) and Q(N; X, y) = Q(M; X, ). So it
suffices to apply Proposition 2.9 to the multifunction N. O



TANGENT CONES 611

2.11 COROLLARY. Let f be a mapping from E into F and let © be a point in E such
that
lim ' f(x+ ) — f(x + 1,)] =0,

110
(x,v),07)=(X,0,0)

and let M be a multifunction defined by
M(x)=f(x)+ K foreveryx €EE,
where K is a nonempty subset of F. Then for each y € M(x) we have T(M; X, y)(v) =
o(M; %, y)0).
PRrROOF. If we put
r(t, x;0,,0,) = 7' f(x + 0,) — f(x + 1,)],

it is not difficult to see that
M(x + tv,) C M(x + tv,) + tr(¢, x; v}, v,)
and, hence, the result is a consequence of Proposition 2.9. [

2.12 COROLLARY [29, PROPOSITION 3-10]. Let f be a mapping from E into F which is
strictly compactly lipschitzian at X € E and let M be the multifunction defined as in
Corollary 2.11. Then for y € M(x) we have T(M; X, y) = Q(M; X, y).

ProOF. This is a direct consequence of Corollary 2.11 and of the remarks
following the definition of a strictly compactly lipschitzian mapping. [

Before stating our first two results (Lemma 2.19 and Proposition 2.20) about the
relationships between tangent cones and quasi-interiorly tangent cones to convex
multifunctions, we shall need some notions and lemmas.

2.13 DErFINITION. A multifunction M from a topological space X into a topological
space Y is lower semicontinuous at a point x € X if for each open subset £ in Y such
that M(x) N @ # @ there exists a neighbourhood ¥ of x in E such that M(x) N Q
# @ for each x € V. In other words liminf _ ; M(x) D M(X).

If M is lower semicontinuous at each point of a subset D of X, one says M is lower
semicontinuous on D.

If Z is a subset of X with X € Z, one says that M is lower semicontinuous at X
relative to Z if the restriction of M to Z is lower semicontinuous at X wih respect to
the topology induced on Z by that of X. O

2.14 LEMMA. Let M be a multifunction from a topological space X into a topological
vector space Y which is lower semicontinuous at x € dom M and let f be a mapping
from dom fC X into Y. If x € intdom f and if f is continuous at x, then the
multifunction M + f defined by (M + f)(x) = M(x) + f(x) is lower semicontinuous
at x.

PROOF. Let € be an open subset of Y such that (M(X) + f(X)) N Q@ #* &.
Consider a point b € (M(x) + f(x)) N @ and an open circled neighbourhood W of

zero in Y such that b+ W+ W C Q. Then M(x) N (b— f(x) + W) # &, and
hence there exists a neighbourhood ¥, of x in X such that

(11) Mx)N(b—f(x)+W)# @ forallx €V,.
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Moreover, since X € intdom f and since f is continuous at X, there exists a
neighbourhood V¥, of X in X such that

(12) f(x) €f(x) + W forallx € V,.

So if we put V' = ¥, N V,, relations (11) and (12) imply that (M(x) + f(x)) N Q #
@ for all x € V, and the proof is complete. [

REMARK. More generally, the above proof shows that the sum of two lower
semicontinuous multifunctions is lower semicontinuous.

2.15 LEMMA. Let M be a convex multifunction from E into F whose graph has a
nonempty interior. Then (x, y) € intGrM if and only if X € intdom M and y €
int M(x).

PrOOF. Note first that
(13) int(projz(Gr M)) = projg(int(Gr M)).

Indeed let x be any point in int(proj -(Gr M)). Fix a point (a4, b) in int(Gr M). There
exists a real number s > 1 such that sx + s(s™' — 1)a € proj(Gr M). Choose
y € M(sx + s(s”' — 1)a). Then it follows from the convexity of Gr M that (x, s~y
+ (1 —s7")b) € intGr M and hence x € proj(int Gr M). So (13) is verified, for
the inclusion proj(int Gr M) C int(proj Gr M) is obvious. Consider now a point
(X, ) such that x € intdom M and y € int M(Xx). By (13) there exists z in F such
that (X, z) € int Gr M. Choose a real number ¢ > 1 such that ty + t(t™' — 1)z €
M(X). Then we may conclude that

(%, 7)==t x5+t —1)z)+ (1 —-1t")% z) €intGr M,
for Gr M convex. Since the reverse implication is obvious, the proof is complete. [

2.16 LEMMA. Let M be a convex multifunction from E into F whose graph has a
nonempty interior. Then M is lower semicontinuous on intdom M.

PROOF. Let X be a point in intdom M and let Q be an open subset in F such that
M(x)NQ # @. Since GrM is a convex set with nonempty interior and since
X € intdom M, it follows from (13) that int M(X) # @ and hence € N int M(x) #
@ . Therefore, we may choose y € € N int M(X) and by Lemma 2.15 we have
(X, y) €int(Gr M). So, there exists a neighbourhood X of X in E such that
X X {y} C GrM or, in other words, y € M(x) for all x € X and hence we may
conclude that @ N M(x) # @ forallx € X. O

REMARK. If E and F are finite dimensional, then the assumption that Gr M has a
nonempty interior can be supressed, for it suffices to replace in the above proof
int(Gr M) by ri(Gr M) and int M(X) by ri M(x). Here the notation ri means the
relative interior (see [21]).

2.17 DerFINITION. If C is a nonempty convex subset of E with X € C, the radial
tangent cone to C at X is the set

R(C; x) =]0, +oo[(C — X).
The proof of the following proposition given in [23] (see Theorem 1) makes use of

the assumption that E is locally convex. Actually the result holds for any topological
vector space, and this will be used in Proposition 2.20 and in other ones.
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2.18 PROPOSITION. If C is a convex subset in E with X € C, then
T(C; x) = cl[R(C; X)].

PROOF. Let v € T(C; x) and let ¥ be a neighbourhood of ¢ in E. Definition 1.2
implies there exist ¢ >0 and v € V such that X + ev € C and hence v € V' N
R(C; x). So v € clg[R(C; x)] and hence T(C; x) C clg[R(C; x)]. To prove the
reverse inclusion, it is enough to show that R(C; x) C T(C; Xx), for T(C; x) is closed
in E. Let v € R(C; x) and let V be a neighbourhood of v in E. By Definition 2.17
there exist a real number &€ > 0, an element y € C such that y = x + 0. Consider a
circled neighbourhood W of zero in E such that v + W C V and put X = x + W.
For eachx = X + ew € X N C, we may write

0—w€EV and y=xt+tev=x+e(t—w)EC

and hence x + #(v — w) € Cfor allt € |0, ¢, for C is convex and x € C. Therefore,
(x+tV)NC+#* B forallx € XN Candt €]0, ¢ and hence © € T(C; x). O

2.19 LEMMA. Let M be a convex multifunction from E into F with y € M(X). Let v
be a point in E for which T(M; X, y}(0) = clg[R(M; X, y)(©)] and for which there
exists a real number a > 0 such that the multifunction M is lower semicontinuous on
X 4]0, a]o C dom M. Then T(M; x, y)(v) = Q(M; X, y)(0).

PROOF. Since Q(M; x, y)(¥) is closed (see Proposition 2.3), it is enough to prove
that R(M; X, y)(0) C Q(M; X, y)(©), for by (4), Q(M; X, y)(v) C T(M; X, y)(0).
Let w be a point in R(M; X, y)(0) and let W be an open neighbourhood of w in F.
There exists by Definition 2.17 a positive number s < a such that

y+swe M(x+sv)

and hence W N s '[M(X + s0) — y] # . Since M is lower semicontinuous at
X + s0, it follows from Lemma 2.14 that there exists a neighbourhood X of X in E, a
neighbourhood V of © in E and a neighbourhood Y of y in F such that W N
sTM(x+sv)—y]# B forallx €EX,ye Yandv € V. Soif (x, y) E(X X Y)
N GrM and v € V there exists w € W such that (x, y) + s(v,w) € Gr M and
hence, since Gr M is convex, we have (x, y) + t(v,w) € Gr M for all ¢ € 10, s].
Therefore we may write

[(x,y) +t({v} X W)]| NG M+ @

forall (x, y) €E(XX Y)NGrM,v € Vandt € ]0, 5], thatis, w € Q(M; X, y)(v).

O
REMARK. The above proof also shows that, if M is a convex multifunction which is

lower semicontinuous on X + ]0, a]o (for some a > 0), then R(M; X, y)(v) C
Q(M; x, y)(v) and hence Q(M; X, y)(v) # &, for Definition 2.15 implies that
R(M; x, y)(v) # @ forsuchvo. O

We can now give our first principal result about the relationships between tangent
cones and quasi-interiorly tangent cones to convex multifunctions.

2.20 PROPOSITION. Let M be a convex multifunction from E into F whose graph has
a nonempty interior in E X F. If y € M(X) and if © is a point for which there exists a
real number o >0 such that X + av € intdom M, then T(M; x, y)(v) =

O(M; X, yX0).
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PROOF. According to Lemmas 2.16 and 2.19 it is enough to prove that
T(M; %, 7)(0) = cl [R(M; %, 7)()].
Let w be a point in T(M; X, y)(v). Definition 2.17 implies that R(M; X, y) has a
nonempty interior in E X F. Moreover since X + a0 € intdom M, there exists a
neighbourhood V of ¥ in E such that X + aF C dom M. Therefore, it is not difficult
to see that V' C proj[R(M; X, y)] and hence, since R(M; X, y) is a convex set with
nonempty interior, there exists by (13) a point w € F such that (o,w) €
int g, [R(M; X, y)]. So, for each ¢ € 0,1}, (0,(1 — &)w + ew) € R(M, X, y), for
by Proposition 2.18, (v, w) € clgy [ R(M; X, y)], and hence

w=1m((1 —e)w +ew) EclR(M; X, y)(v). O
el0

2.21 COROLLARY. Let M be a convex multifunction from E into F whose graph has a
nonempty interior in E X F. If y € M(X) and if X € intdom M, then T(M; X, y)(v)
= Q(M; X, y)(v) for all v € E.

PrOOF. For each v € E there exists a real number a > 0 such that X + av €
intdom M and hence the result is a direct consequence of Proposition 2.20. [

In the finite-dimensional case we can obtain the result of Proposition 2.20 under
weaker assumptions.

2.22 PROPOSITION. If E and F are finite dimensional topological vector spaces, if M
is a convex multifunction from E into F with y € M(X) and if v is a point for which
there exists a real number a > 0 such that X + av € intdom M, then T(M; X, y}(v)

= Q(M; X, y)(0).
PROOF. Let w € T(M; x, y)(v). As in the first part of the proof of Proposition
2.20, one can show that

o € int z(proj(R(M; X, y))).
Choose a point w € ri( R(M; X, y)(v)) (relative interior). Then Theorems 6.8 and
6.1 of [21] and our Proposition 2.18 imply that
(o,w)€rR(M;x,y) and (0,(1 —¢e)w+ew) ER(M; X, y)

for all ¢ € |0, 1] and hence we may write

W= leig)l((l —e)w+ew) Ecl[R(M; x, 7)(0)].

Therefore, according to Lemma 2.19 and the remark following Lemma 2.16 we have
the desired result. [

The second principal result about quasi-interiorly tangent cones to convex multi-
functions will be stated in the context of normed vector spaces.

2.23 PROPOSITION. If E and F are two normed vector spaces, if M is a convex
multifunction from E into F with y € M(X) and if X € intdom M, then
T(M; x, y)(v) = Q(M; X, y)(v) forall v € E.
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PROOF. Let Y be the closed unit ball about y. Consider the multifunction N from E
into F whose graph is Gr N = (E X Y) N Gr M. The multifunction N is convex and
takes its values in a bounded subset of F. So, by Corollary 5.2 of [16] it is
lipschitzian on a neighbourhood of x with respect to the Hausdorff metric and hence
the proposition follows from Corollary 2.10 as is easily seen. O

We shall finish this section by stating two results which are conneced with the
tangential condition (7, ) that we have considered in [29].

2.24 PROPOSITION. Let M be a convex multifunction from E into F and y € M(X). If
there exist a point © € E and a number o > 0 such that M is lower semicontinuous on
x +10, a]®, then T(M; X, y) = clpy f[Q(M; X, 7))

PRrROOF. This follows from Corollary 2.4 and from the remark following Lemma
2.19. O

2.25 COROLLARY (COMPARE WITH PROPOSITION 3-11 OF [29)]). Let K be a convex
cone in F and let f be a mapping from dom f C E into F which is K-convex, that is,
dom f is convex and

flx, + (1= 1)x,) €f(x) + (1 — 1) f(x,) — K

for all t € [0,1] and x,, x, € dom f. Assume that there exist a point © € E and a real
number a > 0 such that f is continuous on x + 10, a]v. Then the multifunction M
defined by

M(x)=f(x)+K ifxEdomf and M(x)= & ifx & dom f
verifies the equality
T(M; X, 7) = clp [ Q(M; X, 7)].
PRroOF. This follows from Proposition 2.24 and Lemma 2.14. O

3. Sum of two multifunctions. The case of the intersection of two multifunctions
can be seen as a particular case of Corollary 3 of [24], for the graph of the
intersection of two multifunctions is the intersection of the graphs. So we shall
concentrate our attention on the sum of two multifunctions and the composition of a
multifunction with a differentiable mapping.

The following definition will be very useful in"the sequel.

3.1 DErFINITION. Let M, and M, be two multifunctions from E into F and let
Y1 € M|(x) and y, € M,(X). We shall say that M, and M, are additively separate at
(X; y1, »,) if for every neighbourhood Y, of y, and every neighbourhood Y, of y, in
F there exist a neighbourhood Y of y, + y, in F and a neighbourhood X of x in E
such that

(M(x) + My(x))NYCY, NM(x)+Y,N M(x)

forallx € X.
Let us give two important examples of additively separate multifunctions.
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3.2 PROPOSITION. Let f be a mapping from dom f C E into F and let M be a
multifunction from E into F. Let K be a subset of F with 0 € K and let N be the
multifunction from E into F defined by

N(x)=f(x)+K ifx€domf and N(x)= @ ifx & dom f.
If x € dom f N dom M, if f is continuous at x relative to dom f N dom M and if

K + M(x) C M(x) for all x € E, then for any y € M(X) the multifunctions M and N
are additively separate at (x; y, f(X)).

PROOF. Let Y, be a neighbourhood of y and let Y, be a neighbourhood of f(X) in
F. Select a circled neighbourhood W of zero in F such that W+ W C (Y, —y) N
(Y, — f(X)) and a neighbourhood X of X in E such that f(X N dom f N dom M) C
f(x)+ W.Put Y=y + f(x) + W. For each x € X N dom M N dom N and each
y € (M(x) + N(x)) N Y we have

f(x)ef(x)+wcCyY,, y—fx)ey+WwW+WwWcCy,
and
y—f(x) € M(x) + K C M(x)
and hence
(M(x)+ Nx))nYCY,NM(x)+ Y,NN(x). O
As a direct consequence of the above proposition, we have the following result.

3.3 COROLLARY. Let f, i = 1,2, be two mappings from dom f; C E into F and let K
be a convex cone containing the origin of F. If f, is continuous at x € dom f; N dom f,
relative to dom f, N dom f,, then the multifunctions M, and M, defined by

M(x)=f(x)+K ifxedomf and M(x)= @ ifx & dom f,
are additively separate at (X; fi(X), f,(X)).

Let us recall the following extension (see [17]) of the notion of lower semicontinu-
ity to vector-valued functions.

3.4 DEFINITION. Let K be a convex cone containing the origin of F and let f be a
mapping from dom f C E into F. We shall say that f is K-lower semicontinuous at
X € dom f relative to a subset D containing X if for every neighbourhood W of zero
in F there is a neighbourhood X of x in E such that f(X N D N dom f) C f(x) +
W+ K.

In the next proposition we shall use this notion under the assumption that K is a
normal cone in F (see [18)), that is, there is a neighbourhood basis {W},, of zero such
that (W + K) N (W — K) = W. Such neighbourhoods are called K-normal.

3.5 PROPOSITION. Let K be a normal convex cone in F containing the origin and let
. i = 1,2, be two mappings from dom f; C E into F which are K-lower semicontinuous
at x € dom f; N dom f, relative to dom f, N dom f,. Then the multifunctions M,,
i = 1,2, from E into F defined by
M(x)=f(x)+K ifxedomf, and M(x)= @ ifx & dom f

are additively separate at (x; f,(X), f,(X)).
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PROOF. Let Y,, i = 1,2, be two neighbourhoods of f,(x). Let W, W’ and W” be
three normal neighbourhoods of zero in F such that W — W” C (Y, — fi(X)) N
(Y, —AHX), W —W CW'and W+ WC W.Put Y =f(x)+ f,(Xx)+ W and
choose a neighbourhood X of x in E such that

(14) f(XNdom f, Ndom f,) C fi(Xx) + W+ K.
Consider a point x € X N dom f;, N dom f,and apointy € Y N (M,(x) + M,(x)).
We have
H(x)+h(x) Ey —KCfi(X)+hH(X)+W—-K

and hence, because of (14),
(15) fi(x) + f(x) €A(X) +A(X) + (W + K) 0 (W — K)

=H(x) +A(x) + W
Therefore, we may write, thanks to (14) and (15),

H(x) Efz()?) + W -W —-K
and, hence again by (14),
(16) - AH(x)ef(X)+ (W +K)N(W'—K)=fH(X)+ W' CY,.
Moreover, y — f,(x) € fi(x) + K+ K= M(x) and the definition of Y and (16)
imply that

y = h(x) EA(X) + H(5) + W= f(x) CA(X) + W= W’ CY,.
Therefore,
y=(y = A(x)) + A(x) €Y, 0 M(x) + Y, N My(x),

and hence the proof is complete. [l
Recall that the sum M, + M, of two multifunctions M, and M, from E into Fis

defined by
(M, + M,)(x) = M|(x) + My(x) foreachx EE.
3.6 PROPOSITION. Let M,, i = 1,2, be two multifunctions from E into F which are
additively separate at (X; y,, y,). Then for each v € E,
Q(MI; x, }71)(6) + T(M,; %, )72)(6) c T(M, + My X, ¥, +)72)(5)-

PROOF. Let w, be a point in Q(M,; x, y,(v) and let w, be a point in
T(M,; x, y)(v). Consider a neighbourhood V of v in E and W of w, + w, in F.
Choose neighbourhoods W,, i = 1,2, of w; in F such that W, + W, C W. Then,
according to Definition 2.1 there exist a neighbourhood X, of x in E, a neighbour-
hood Y, of y, in F, a real number ¢, > 0 and a neighbourhood ¥V, of v in E with
V, C V such that

(17) [(x, »)) +t({v} X W))] N Gr M, # @

for all (x, y)) €(X, X Y;) N GrM,, t €]0, ¢[ and v € V. On the other hand, it
follows from Definition 1.2 that there exist a neighbourhood X, of x in E, a
neighbourhood Y, of y, in F, a positive number ¢ < ¢, such that

(18) [(x,9,)+t(V, X W) NGrM, * @
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for all (x, y,) € (X, X Y,) N GrM, and ¢ € |0, ¢[. Moreover, by Definition 3.1
there exist a neighbourhood Y of y, + j, in F and a neighbourhood X of X in E with
X C X, N X, such that

(19) (M, (x) + My(x))NYCY, NM(x)+Y,N M(x)

for all x € X. Consider any point (x, y) € (X X Y) N Gr(M, + M,) and any
number ¢ € |0, ¢[. There exist by (19) two points y, € Y, N M,(x), i = 1,2, satisfying
¥ =y, + y, and hence, according to (18), there exist v € V; C V and w, € W, such
that y, + tw, € M,(x + tv). But (17) implies that there exists w, € W, such that
», + tw, € M|(x + tv) and hence y + t(w, + w,) € (M, + M,)(x + tv). Therefore

[(x, y) + (VX W)] N Gr(M, + M,) # &,
and the proof is complete. O

The proof of the following proposition is similar to that of Proposition 3.6 and
hence it will be omitted.

3.7 PROPOSITION. Let M, i = 1,2, be two multifunctions from E into F which are
additively separate at (X; y,, y,). Then for eachv € E,

Q(MI; X, )71)(6) + Q(M2§ X, )72)(5) c Q(Ml + M,; X, y, +)72)(5)'

4. Composition of two multifunctions. Let N be a multifunction from E into F and
let M be another multifunction from F into a topological vector space G. We shall
consider the multifunction M ™! from G into F defined by

MY (z)={yeF:zeM(y)} foreachz €G,
and the multifunction M o N from FE into G defined by
MoN(x)={z€G:3y € N(x) N M~'(z2)}
for each x € E.

Let us recall the following definition.

4.1 DerFINITION. The multifunction M is said to be lower semicontinuous at
(X, y) € Gr M relative to a subset D containing X if for each neighbourhood Y of y
in F there exists a neighbourhood X of X in E such that Y N M(x) # @ for all
x€DNX.

REMARK. The reader will note that M is lower semicontinuous at X € E if and
only if for each y € M(X) the multifunction M is lower semicontinuous at (X, y)
relative to the whole space E.

4.2 PROPOSITION. Let M and N be two multifunctions defined as above. Let
Y €E N(X) and let z € M(y). If the multifunction from E X G into F defined by
(x, z) > N(x) N M~(z2) is lower semicontinuous at ((X, Z), y) relative to Gt M o N,
then

[o(M; 7. 2) o Q(N; X, 7)](F) C Q(M o N; X, Z)(5)
forallv € E.

PROOF. Let v be a point in E, let w be a point in the first set of the preceding
inclusion and let W be a neighbourhood of w in G. There exists a point # € F such



TANGENT CONES 619

that ¥ € Q(N; x, y)X(©) and w € Q(M; y, Z)(u). By Definition 2.1 there exist a
neighbourhood Y, of y in F, a neighbourhood Z, of 7 in G, a neighbourhood U of &
in F and a real number ¢, > 0 such that

(20) [(y,2) +t({u} X W)|NGtM+ &

for all (y,z) €(Y, XZ,)NGrM, u € U and ¢ € |0, ¢[. By Definition 2.1 again
there exist an open neighbourhood Y of y in F with Y C Y|, a neighbourhood X, of
X in E, a neighbourhood V of v in E and a positive number ¢ < ¢, such that

(21) [(x,y) +t({v} XU)]NGIN# @

for all (x, y) €E(X; X Y)NGrN, v € Vandt €]0, ¢. By our assumption about
the semicontinuity at ((x, Z), y) there exist a neighbourhood X of X in E with
X C X, a neighbourhood Z of z in G with Z C Z, such that
(22) YNNx)NMYz)# @
for all (x,z) E(XXZ)NGrMoN. Consider a point (x,,2,) E(XX Z)N
GrMo N, a point v, €V and a number ¢, € 0, ¢[. Choose by (22) a point
y1 € YN N(x,) N M~'(z,). There exists by (21) a point #; € U such that
(23) y + tiu, € N(x, + 1,0,)).
But by (20) there exists a point w, € W such that z, + rw, € M(y, + t,u4;) and
hence, thanks to (23),
z, +tw, € Mo N(x, + t)v,).
Therefore .
[(x),2) +t,({o,} X W) NGrMoN+ @

and hence w € Q(M o N; x, z)(v). O

4.3 COROLLARY. Let f be a mapping from E into F which is strictly differentiable at

X € E with derivative Vf(X):= A, let M be a multifunction from F into G and let Z
be a point in M( f(Xx)). Then

O(M; f(x), 2)(A40) CQ(M o f; X, 2)()
forallv € E.

PROOF. Since f is continuous at X, it is not difficult to see that the multifunction
(x,z2)b {f(x)} N M-'(z) is lower semicontinuous at ((X, z), f(X)) relative to
Gr M o f, and hence the corollary is a direct consequence of Proposition 4.2 and
Corollaries 1.7 and 2.11. O

Analogously to Proposition 4.2 one can show the following result, whose proof is
left to the reader.

4.4 PROPOSITION. Let M and N be two multifunctions verifying the assumptions of
Proposition 4.2. Then

[O(M; 5,2) e T(N; X, 7)[(8) CT(M° N; x,2)(0)
forallv € E.
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As a direct consequence of Propositions 4.4 and 2.9, we have the following result.

4.5 COROLLARY. If the multifunctions M and N verify the assumptions of Proposition
4.2 and if M is lipschitzian at y in any direction, then for all© € E,

[T(M; 7,2) o T(N; %, 7)](§) C T(M o N; %, 2)(7).
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